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Online Appendix A: Comparative Statics Analysis

The risk premium. Given that

πUR,t =
σ2(1 + θ1/ρ)

(
1 + θh1/ρ

h
)

ρ2xt [1 + (ρh − ρ)xt]

[(
ρh − ρ

)
+
(
θh1 − θ1

)
+ (1 + θ1/ρ) 1

xt

]
[(

1 + θh1/ρ
h
)
− (1 + θ1/ρ) + (1 + θ1/ρ) 1

ρxt

]2 ,

we have
dπUR,t
dθ1

=
2σ2

(
γh
)2 [

ρh + θh1 + γ (1/xt − ρ)
]

ρ3xt [1 + (ρh − ρ)xt] [γh − γ + γ/ (ρxt)]
3 .

To evaluate the sign of this expression, we consider the following possibilities. Possibility (1): If

γh > γ ≥ 1, we have

xt > 0 > − γ

ρ (γh − γ)
⇔ γh − γ + γ

1

ρxt
> 0.

Possibility (2): If γ > γh ≥ 1,

γ

γ − γh
> 1⇔ γ

ρ (γ − γh)
>

1

ρ
≥ xt ⇔ γh − γ + γ

1

ρxt
> 0.

Possibility (3): If γh = γ ≥ 1,

γh − γ + γ
1

ρxt
= γ

1

ρxt
> 0.

We thus have:
dπUR,t
dθ1

=
2σ2

(
γh
)2 [

ρh + θh1 + γ (1/xt − ρ)
]

ρ3xt [1 +∆ρxt] [γh − γ + γ/ (ρxt)]
3 > 0.
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Given that

πUR,t =
1

P/D

σ2 (1 + θ1/ρ)βUt

xt
[
ρh − (ρh − ρ)βUt

]2 ,
we have

dπUR,t

dθh1
=

1

P/D

σ2 (1 + θ1/ρ)

xt
[
ρh − (ρh − ρ)βUt

]3 [dβUtdθh1

(
ρh −

(
ρh − ρ

)
βUt

)
+ 2

(
ρh − ρ

) dβUt
dθh1

βUt

]

=
ρh

[1 + (ρh − ρ)xt]xt

σ2 (1 + θ1/ρ)2 (1/xt − ρ)
(
ρh +

(
ρh − ρ

)
βUt
) (
βUt
)2(

ρh − (ρh − ρ)βUt
)3
ρh
(
1 + θh1/ρ

h
) .

Since 0 ≤ βUt ≤ 1, ρ ≤ ρh −
(
ρh − ρ

)
βUt ≤ ρh and

dπUR,t

dθh1
=
σ2γ2 (1/xt − ρ)

(
ρh +∆ρβUt

) (
βUt
)2

γhxt (1 +∆ρxt)
(
ρh −∆ρβUt

)3 ≥ 0.

The Sharpe ratio. Given the expression for πUR,t/σ
U
R,t, we have

d
(
πUR,t/σ

U
R,t

)
dθ1

=
σ
(
ρh + θh1

)2
xt[(

ρθh1 − ρhθ1

)
xt + ρh (1 + θ1/ρ)

]2 =
σγh2xt

[ρ (γh − γ)xt + γ]
2 > 0,

d
(
πUR,t/σ

U
R,t

)
dθh1

=
σ (1 + θ1/ρ) ρh (θ1 + ρ)

(
1
ρ − xt

)
[(
ρθh1 − ρhθ1

)
xt + ρh (1 + θ1/ρ)

]2 σγ2 (1− ρxt)
ρh [ρ (γh − γ)xt + γ]

2 ≥ 0,

d
(
πUR,t/σ

U
R,t

)
dθ̄1

=
σ
(
1 + θ̄1/ρ

) [
∆ρ
(
ρh − θ̄1

2

ρ

)
xt + ρh

(
1 + θ̄1/ρ

)2][
−∆ρθ̄1xt + ρh

(
1 + θ̄1/ρ

)]2 .

When ∆ρ
(
ρh − θ̄1

2

ρ

)
xt + ρh

(
1 + θ̄1/ρ

)2
> 0,

d(πUR,t/σ
U
R,t)

dθ̄1
> 0 and


ρh − θ̄1

2

ρ = 0 ⇔ θ̄1 =
√
ρρh

ρh − θ̄1
2

ρ < 0 ⇔ θ̄1 >
√
ρρh

xt < −
ρh(1+θ̄1/ρ)

2

∆ρ

(
ρh− θ̄1

2

ρ

) = φ

Taking first derivative of φ with respect to θ̄1 yields:

dφ

dθ̄1
=
−2ρh

(
1 + θ̄1/ρ

)
∆ρ
(
ρρh − θ̄1

2
)2

(
ρh − θ̄1 − 2

θ̄1
2

ρ

)
.
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Setting it to be zero gives:

θ̄1 =
−ρ±

√
ρ2 + 8ρρh

4
.

Since θ̄1 ≥ 0, we only consider the positive root. We now show θ̄1 =
−ρ+
√
ρ2+8ρρh

4 <
√
ρρh. Note

that θ̄1√
ρρh

=
−
√

ρ

ρh
+
√

ρ

ρh
+8

4 < 3
4 < 1, where we use the fact that 0 < ρ

ρh
≤ 1. Then we have

ρh − θ̄1 − 2 θ̄1
2

ρ < 0 for θ̄1

√
ρρh, which implies that dφ

dθ1
> 0.

Now we show that φ > 1/ρ. Given that − ρh(1+θ̄1/ρ)
2

∆ρ

(
ρh− θ̄1

2

ρ

) > 1
ρ , we have

−ρρh
(

1 +
2θ̄1

ρ
+
θ̄1

2

ρ

)
>
(
ρh
)2
− ρh

ρ
θ̄1

2 − ρρh + θ̄1
2

or
(
θ̄1 + ρh

)2
> 0,

which means that xt <
1
ρ < φ. We then have

d(πUR,t/σ
U
R,t)

dθ̄1
> 0.

The Exposure price. Given that dkt
dθ̄1

= σ2(1+m)

(mρh+ρ)
2
ρh(1−ρxt−ρmxt)
[1+(ρh−ρ)xt]xt

and

x̄c =
1

m̃ρh + ρ
=

1

ρ

1

1 + ρh+θ̄1
ρ+θ̄1

m
≤ 1

ρ

1

1 +m
,

we have

xt ≤ x̄c ≤
1

ρ

(
1

1 +m

)
or 1− ρxt (1 +m) > 0, (1)

which means that
dkt
dθ̄1

=
σ2(1 +m)

(mρh + ρ)
2

ρh [1− ρxt (1 +m)]

[1 + (ρh − ρ)xt]xt
> 0.

The interest rate. Denote the Sharpe ratio sp ≡ πR,t
σR,t

, the expression for the interest rate can

be written as:

rt = ρh + ĝt − ρ
(
ρh − ρ

)
xt − ρqtxt −

ρxt

[
(sp/γ)2 − 2σ (sp/γ)

]
+ σ2

1− ρxt
.

Taking derivative with respect to θ1 gives:

drt
dθ1

= −ρxt
dqt
dθ1
− 2xt

(1− ρxt) γ2

[(
sp

γ
− σ

)(
−sp+

dsp

dθ1
ργ

)]
, (2)
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which means that in the unconstrained case,

drUt
dθ1

=
2σ2xtγ

h (1− ρxt)
[ρ (γh − γ)xt + γ]

3

(
γh − γ

)
=

{
drUt
dθ1

< 0, if γh < γ
drUt
dθ1
≥ 0, if γh ≥ γ.

Similarly, we have
drt

dθh1
= −ρxt

dqt

dθh1
− 2ρxt

(1− ρxt) γ

(
sp

γ

dsp

dθh1
− σdsp

dθh1

)
, (3)

which means that

drUt
dθh1

= −
2σ2ργxt (1− ρxt)

(
γh − γ

)
ρh [ρ (γh − γ)xt + γ]

3


drUt
dθh1

> 0, if γh < γ

drUt
dθh1
≤ 0, if γh ≥ γ.

.

In addition,

drUt
dθ̄1

=
2σ2θ̄1∆ρxt

[
∆ρ
(
ρhθ̄1 + ρρh

)
xt −∆ρρh

(
1 + θ̄1/ρ

)]
ρ
(
1 + θ̄1/ρ

) [
−∆ρθ̄1xt + ρh

(
1 + θ̄1/ρ

)]3
= − 2σ2θ̄1ρ

h (∆ρ)2 xt (1− ρxt)
ρ
[
−∆ρθ̄1xt + ρh

(
1 + θ̄1/ρ

)]3 ≤ 0.

In the constrained case, from Equations (2) and (3), we have

drt
dθ1

= − σ2m

(mρh + ρ)
2
xt
− 2xt

(1− ρxt) γ2

[(
σ

(mρh + ρ)xt
− σ

)(
− σγ

(mρh + ρ)xt
+

σ (ρ+ θ1)

ρ (mρh + ρ)xt

)]
= − σ2m

(mρh + ρ)
2
xt
< 0,

drt

dθh1
=

ρσ2m2

(mρh + ρ)
2

(1− ρxt)
> 0,

drt
dθ̄1

= − σ2m [1− ρxt (1 +m)]

(mρh + ρ)
2

(1− ρxt)xt
< 0

where we used the condition, (1).
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Online Appendix B: Stationary Specialist Wealth Distribution

Without filtering, the stationary specialist wealth distribution can be solved explicitly. Specifically,

let G = 1− γh

γ ∈ [0, 1] and Ξ =
σ γ

h

γ

1−Gρx , we have

µu (x) = σ2 +∆ρ (1− ρx)−
ρx
(
Ξ2 − 2σΞ

)
+ σ2

1− ρx
+ Ξ2 − σΞ

= σ2 +∆ρ (1− ρx) + σ2

(
γh/γ

)2
(1− 2ρx) +

(
γh/γ

)
(1− ρGx) (3ρx− 1)− (1− ρGx)2

(1− ρx) (1− ρGx)2

and

σ2
u (x) = σ2G2

(
1− ρx

1− ρGx

)2

.

We can then compute that:

∫
2µu (x)

σ2
u (x)

dx =
2

G2

[∫ (
1− ρGs
1− ρs

)2

ds+
∆ρ

σ2

∫
(1− ρGs)2

1− ρs
ds+

(
γh

γ

)2 ∫
1− 2ρs

(1− ρs)3ds

+
γh

γ

∫
(1− ρGs) (3ρs− 1)

(1− ρs)3 ds−
∫

(1− ρGs)2

(1− ρs)3 ds

]

=
2

G2

[
ρG2x (ρx− 2) + 2 (G− 1)G (ρx− 1) log (ρx− 1) + 2G− 1

ρ (ρx− 1)

− ∆ρ

σ2

ρGx [ρ (Gx− 4) + 2G] + 2 (ρ−G)2 log (1− ρx)

2ρ3
+

(
γh

γ

)2
3− 4ρx

2ρ (ρx− 1)2

+
γh

γ

G (4− 5ρx) + 3G (ρx− 1)2 log (ρx− 1) + 3ρx− 2

ρ (ρx− 1)2 +
2G2 log (ρx− 1)− (G−1)[G(4ρx−3)−1]

(ρx−1)2

2ρ

]
.

Let H = mρh + ρ, we have

µc (x) = σ2 +∆ρ (1− ρx) + σ2A0x
2 +A1x+A2

(1− ρx) (Hx)2 and σ2
c (x) = σ2

(
1−Hx
Hx

)2

,

which implies that:

2µc (x)

σ2
c (x)

= 2

(
Hx

1−Hx

)2

+ 2
∆ρ

σ2
(1− ρx)

(
Hx

1−Hx

)2

+
2A0x

2

(1− ρx) (1−Hx)2 +
2A1x

(1− ρx) (1−Hx)2 +
2A2

(1− ρx) (1−Hx)2
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and

∫
2µc (x)

σ2
c (x)

dx =
2
[
Hx+ 1

1−Hx + 2 log (1−Hx)
]

H

− 2∆ρ

σ2

H2ρx2 − 2Hx (H − 2ρ) + 2(H−ρ)
Hx−1 + 2 (3ρ− 2H) log (1−Hx)

H2

− 2A0

H−ρ
H2(Hx−1)

+ (ρ−2H) log(1−Hx)
H2 + log(1−ρx)

ρ

(H − ρ)2 − 2A1

H−ρ
H(Hx−1) − log (1−Hx) + log (1− ρx)

(H − ρ)2

+ 2A2
ρ (Hx− 1) log (1−Hx) + (ρ−Hρx) log (1− ρx)−H + ρ

(H − ρ)2 (Hx− 1)
.
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